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Abstract   The polymer with nanoparticles tethered at each end is a unique model for unraveling the effect of chain ends on the polymer dynam-

ics. We investigated the rheological behavior of this kind of polymer by using nonequilibrium molecular dynamics simulation. The effect of poly-

mer lengths and nanoparticle radii on the complex moduli and viscosity was examined. The dependence of complex moduli on the frequency be-

comes less pronounced as the polymer is short or the nanoparticle is large. The shear thinning behavior was revealed for these systems, and the

scaling exponent of  complex viscosity  with respect  to the frequency was found to change from −1/2 to −3/4 as  the polymer shortens or  the

nanoparticle enlarges. The rheological behavior was further explained by analyzing the mean square distance of nanoparticles. The simulation re-

sults were compared with the existing experimental finding, showing an agreement. The work provides information for understanding the chain

end effect on polymer rheology.
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INTRODUCTION

Polymer composites can have significantly improved properties
relative to the neat polymer, which are important for various en-
gineering applications.[1−4] Attaching nanoparticles to the poly-
mers can enhance the miscibility, generating polymer compos-
ites  with  well-defined  microstructures  and  excellent
properties.[5−14] One of  the methods is  to tether the nanoparti-
cle to each end of the polymer (N-P-N),  where N and P denote
the  nanoparticle  and  polymer,  respectively.[15] Because  the
chain ends can dramatically  influence the motion of  polymers,
the N-P-N could be a  unique model  for  unraveling the end ef-
fect on polymer dynamics. As such, understanding the behavior
of N-P-N systems is essential to gain insight into the end effects
of polymers.

The  dynamics  of  polymer  chains  with  ends  of  various
chemical natures, sizes and mobilities attracted the broad in-
terest  of  researchers  in  the  past.[16−22] Very  recently,  Xiong
et  al. synthesized  a  kind  of  polyether  tethered  with  polyhe-
dral  oligomeric  silsesquioxane  molecular  nanoparticles
(MNPs) and explored the chain relaxation and stress response
of these polymers.[15] They found that the chain dynamics are

impeded by  the  tethered MNPs,  supported by  increased vis-
cosity  and  decelerated  diffusion.  Wang et  al. recently  con-
ducted  a  molecular  dynamics  (MD)  simulation  on  the  N-P-N
system  and  examined  the  effects  of  nanoparticle  radius  and
polymer  length  on  the  glass  transition  temperature,  crystal-
lization  temperature,  and  dielectric  properties.[23] It  was  also
shown that the presence of nanoparticles at both ends of the
polymer could delay the relaxation of the polymer chain and
promote  crystallization,  resulting  in  an  increase  in  the  glass
transition temperature and crystallization temperature of the
polymer  as  the  nanoparticle  becomes  large  or  the  polymer
chain shortens.

Of particular importance is the rheological property, as the
nanoparticles control  the viscoelasticity of  nanoparticle-teth-
er  polymers.  A  crucial  method  to  study  polymer  rheology  is
the  nonequilibrium  MD  simulation,  which  was  successfully
applied  to  various  complex  polymer  systems.[24−29] For  in-
stance, Hong et al. employed nonequilibrium MD simulations
to  elucidate  the  viscoelastic  properties  of  nanosheet-filled
polymer composites and revealed that the polymer compos-
ites  exhibit  an  enhanced storage modulus  and loss  modulus
as the nanosheets are loaded.[30] Liu et al. used the nonequi-
librium  MD  simulation  to  explore  the  shear  effect  on  end-
functionalized  polymers  and  found  a  prominent  shear  thin-
ning  behavior  due  to  the  breakage  of  physical  networks.[31]

They also discovered that the shear viscosity and shear stress
of  end-functionalized  polymers  with  bimodal  molecular
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weight distribution decreases with increasing the proportion
of long chains.

In  this  work,  we  conducted  a  nonequilibrium  MD  simula-
tion  on  the  rheology  of  the  N-P-N  systems.  The  storage  and
loss moduli  were calculated at  various strain amplitudes and
shear frequencies.  Both the effect of the polymer length and
nanoparticle  radius  were  explored.  Moreover,  we  examined
the  diffusion  behavior  of  nanoparticles  to  gain  insight  into
the  dynamics  of  polymer  ends  and  the  mechanism  underly-
ing the rheological behaviors. A comparison with existing ex-
perimental  findings  is  made,  and  a  good  agreement  is
achieved. The work can shed light on the end effect and rhe-
ology of the polymers grafted with nanoparticles.

METHODS

We considered a homopolymer with a nanoparticle tethered at
each end. The length of the polymer is NG, and the radius of the
nanoparticle  is R.  In  the  molecular  dynamics  simulation,  the
polymer  is  modeled  as  a  spring-bead  chain.  The  radius  of  the
beads and nanoparticles on polymers is determined by the non-
bonded interaction potential Unb. The Unb is given as:

Unb = 4ε [( σ
r − Δ

)12
− ( σ

r − Δ
)6] , r < rc + Δ (1)

where ε is  the  energy, σ is  the  distance, rc is  the  cutoff  which
does not include the Δ distance, meaning that the actual force
cutoff  is rc +  Δ.  The  adjacent  beads  are  connected by  a  spring
potential Ub given as:

Ub = kb (r − req)2
(2)

where kb is  the  spring  constant  and req is  equilibrium  bond
length. In this work, the values of ε, σ, and rc are 1.0ε0, 1.0σ0 and
2.5σ0,  respectively.  Note  that ε0 and σ0 are  the  units  of  energy
and distance, respectively. In addition, kb is 100ε0/σ0

2,  and req is
1.0σ0 for the bond between polymer beads. The choice of Δ and
req of the bond connecting the nanoparticle and polymer beads
depends  on  the  nanoparticle  radius.  For  example,  for  the
nanoparticle radius of R = 1.0σ0, Δ = 0.5σ0, and req = 1.5σ0 for the
bond between the nanoparticle and polymer bead.

All  the simulations were implemented with the large-scale
atomic/molecular  massively  parallel  simulator  (LAMMPS).[32]

In  the  simulation,  a  50σ0 ×  50σ0 ×  50σ0 box  with  periodic
boundary  conditions  was  built,  with  polymers  randomly  dis-
tributed inside.  The initial  density  is  0.8,  and the time step is
0.005τ.  Before  the  calculation  of  rheological  properties,  the
system  is  compressed  106τ in  the NPT ensemble,  where  the
pressure  and  temperature  are  controlled  with  the  Nose-
Hoover barostat and thermostat, respectively.

We employed nonequilibrium MD simulation with an oscil-
latory shear technique to study the polymer rheology. The "fix
deform"  function  in  LAMMPS,  conceptually  identical  to  the
most widely adopted Lees-Edwards boundary conditions, was
applied.[33] An additional velocity is applied to the bead to in-
troduce  a  shear  field.  The  motion  equations  of  the ith  bead
are given by the SLLOD algorithm

dri
dt

= vi + ex γ̇ri,y

mi
dvi

dt
= fi −miex γ̇vi,y

(3)

where ex is the normalized vector of the x-component. fi, ri, and
vi are  the  force,  position,  and  velocity  of ith bead,  respectively.
The stress σ was calculated by applying a sinusoidal strain γ(t) =
γ0sin(ωt) to the simulation box,

σ = 1
V
⟨∑

i
mivivi +

1
2
∑

i≠j
rijFij⟩ (4)

where γ0 is the amplitude, ω is the shear frequency, V is the sim-
ulation  box  volume,  and Fij is  the  force  applied  on  bead j by
bead i. The storage modulus G′ and loss modulus G″ are given as

G′ =
σ0

γ0
cos(δ) (5)

G′′ =
σ0

γ0
sin(δ) (6)

where σ0 is the zero-frequency stress, and δ is the phase angle.
The more details are given in section 1 of the electronic supple-
mentary information (ESI).

RESULTS AND DISCUSSION

We first examined the dependence of shear moduli on the strain
amplitude,  with  the  shear  frequency  being  0.05τ−1.  The  results
are shown in Fig. 1, where the storage moduli G′ and loss mod-
uli G″ were plotted against the strain amplitude. As shown, the
G′ is almost independent of the strain amplitude as the strain is
small  and decreases  as  the  strain  amplitude increases  (see Fig.
1a). Moreover, the G′ in the linear regime decreases as the chain
length NG increases.  While  for  the G″,  the variation is  similar  to
that of G′ when the polymer chain is long (NG=40 and NG=100)
(see Fig. 1b). For the short chain, the G″ first increases and then
decreases as the strain amplitude increases. The maximum G″ is
reached at the strain amplitude of ca. 0.2. Such a phenomenon
belongs  to  the  classical  Payne  effect.  As  the  polymer  chain  is
short,  the  nanoparticles  dominate  the  microstructure,  with  the
nanoparticles  ordered into crystals  (for  details,  see section 2  of
ESI). The nanoparticle crystal breaks and recovers as the oscilla-
tory  deformation  is  applied,  leading  to  the  Payne  effect.[34] In
addition, the G″ nearly increases as the polymer chain becomes
short.

Note  that  at  the  strain  amplitude  of  10−2,  the G″ first  de-
creases,  then  increases,  and  finally  decreases  as  the NG in-
crease. The G″ in the low amplitude primarily responds to the
short-distance movement of nanoparticles or polymer beads.
Compared  to  the  polymer  bead,  the  free  movement  of
nanoparticles  can  lead  to  high  energy  dissipation  and  in-
creased G″ due  to  the  large  size.  Therefore,  the  G″ could,  in
principle,  decrease  as  there  is  a  smaller  proportion  of
nanoparticles (i.e., the NG increases). In addition to the propor-
tion of nanoparticles,  the G″ also depends on the mobility of
nanoparticles.  The  reduced  mobility  of  nanoparticles  causes
decreased energy dissipation and G″. As NG increases from 10
to  20,  although  the  proportion  of  nanoparticles  decreases,
the mobility of nanoparticles significantly increases, resulting
in  increased G″.  This  is  the  reason  that  the G″ of  NG=10  is
smaller in the low amplitude than those of NG=20 and NG=40.

Keeping  the  strain  amplitude  at  0.05,  we  investigated  the
shear  moduli  as  a  function  of  the  frequency. Fig.  2(a)  shows
the plots of storage moduli G′ and loss moduli G″ against the
frequency.  As  shown,  the N-P-N with NG=100 exhibits  a  scal-
ing  law  characteristic  of G′~ω1/2 and G″~ω1/2.  Here, ω is  the
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shear  frequency.  The  terminal  flow  behavior  of G′~ω2 and
G″~ω1 was not observed due to the limitation of simulation at
lower  frequencies.  Therefore,  the  present  simulation  mainly
provides  information  in  the  medium  frequency  regions.  The
scaling exponent of 1/2 indicates that long N-P-N exhibits the
characteristic  scaling  behavior  of  the  Rouse  model.  A
crossover  between G′ and  G″ occurs  at  the  frequency  of  ca.
0.03τ−1. As the NG decreases, the dependence of G′ and G″ on
the  frequency  becomes  less  pronounced,  where  the  scaling
exponent  decreases.  The  modulus  plateau  (~ω0)  appears  for

the  short  N-P-N,  for  example,  at NG=5  and NG=10.  For  the
small NG, the volume of nanoparticles dominates over that of
polymer  chains,  and  the  nanoparticles  are  jammed  because
of  insufficient  movement  space.  The G′ and  G″ approach  at
the  frequency  of ca.  0.3τ−1,  after  which  the G″ tends  to  de-
crease.

To gain insight into the crossover behaviors, we also calcu-
lated the loss tangent tanδ, which is given as tanδ=G″/G′. The
result is shown in Fig. 2(b). The tanδ shows a peak at the fre-
quency of ca. 0.3τ−1, but the values are small than 1 except in
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Fig. 1    (a) Storage moduli G′ and (b) loss moduli G″ as a function of strain amplitudes for the N-P-N system with various chain lengths,
where the nanoparticle radius is R=1.5σ0, the reduced temperature is 1.0, and the frequency is 0.01τ−1.
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Fig.  2    (a)  Storage moduli G′,  loss  moduli G″,  and (b)  loss  tangent  tanδ as  a  function of  frequencies  for  the N-P-N with various  chain
lengths, where the nanoparticle radius is R=1.5σ0, the reduced temperature is 1.0, and the strain amplitude is 0.05.
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the  case  of NG=100.  This  implies  that  the G′ is  always  higher
than the G″ in  the  studied frequency regions,  and the  N-P-N
behaves as a solid. Moreover, the tanδ increases as the NG in-
creases, indicating the increased mobility of the longer N-P-N.
The peak appears at nearly the same frequency, probably at-
tributed  to  the  movement  of  polymer  blocks.  As  the NG de-
crease, the block movement is more significantly impeded by
the  nanoparticles.  This  impeding  effect  leads  to  a  decreased
energy dissipation and, therefore, the decreased tanδ.

η∗ =

√(G′

ω )2

+ (G′′

ω )2

Fig.  3 shows the plot  of  complex viscosity η* as  a  function
of  the  shear  frequency.  The η* is  calculated  as

. One can see from Fig. 3 that the N-P-N

shows a shear thinning behavior, where the complex viscosi-
ty η* decreases  as  the  frequency  increases.  The η* increases
and  approaches  each  other  as  the NG decreases.  At  low  fre-
quencies, η*~ω−1/2 for  long  chains  and η*~ω−3/4 for  short
chains. These results indicate that in the medium time scales,
the longer N-P-N performs as Rouse models, and the short N-
P-N behaves like an entangled chain due to the confinement
from nanoparticles. At high frequencies, the η* exhibits a scal-
ing law of η*~ω−1, implying that the complex moduli are inde-
pendent of the frequency.

We  recorded  the  mean-squared  distance  (MSD)  of
nanoparticles  for  N-P-N  of  various  lengths. Fig.  4 shows  the
temporal variation of the MSD. The MSD appears as a power
law of t2 within a short time due to the ballistic behavior. For a
long time, the MSD for all the polymers assumes a scaling fea-
ture  of  MSD~t2/3,  suggesting that  the  diffusion of  nanoparti-
cles at polymer ends obeys a Zimm model.  In the intermedi-
ate  time,  the  dependence  of  MSD  on  the  time  relies  on  the
polymer chain lengths. The MSD scales as t1/4 for short chains,
while the MSD is proportional to t3/4 for long chains. The pow-
er law of MSD~t1/4 indicates that the polymer chain probably
behaves as the entangled chain, which is consistent with the
power  law  for  complex  viscosity  in  the  same  time  scale  (see
Fig. 4).

In  addition  to  the  polymer  lengths,  we  also  examined  the
influence of the nanoparticle size on the viscoelasticity of the
N-P-N  system. Fig.  5 shows G′ and  G″ as  a  function  of  strain
amplitudes for N-P-N with different nanoparticle radii. The N-
P-N with small nanoparticles (R=0.5σ0, 1.0σ0, and 1.2σ0) has an
evident  linear  viscoelasticity  region,  where  the  moduli  are
nearly independent of the strain amplitude. As the R increas-
es, the linear viscoelasticity region narrows. For the nanoparti-
cle with R=2.2σ0, no linear viscoelasticity region of G′ was ob-
served in the studied strain amplitude,  and the maximum of
G″ appears on the curve due to the Payne effect.

Figs. 6(a) and 6(b) show the shear moduli and loss tangent
versus the frequency, respectively, for the N-P-N with various
nanoparticle  radii.  As  the  nanoparticle  is  small,  for R=1.2σ0,
the scaling of G′ and G″ with the frequency satisfies the law of
G′~ω1/2 and G″~ω1/2.  The  tanδ in  the  studied  frequency  is
higher than 1 (see Fig. 6b), indicating the G″ is higher than the
G′.  In this case, the N-P-N with R=1.2σ0 behaves like a fluid in
these  shear  frequencies.  With  increasing  nanoparticle  radii,
the dependence of G′ and G″ on the frequency becomes less
marked. An apparent modulus plateau appears for N-P-N with
large nanoparticles, for example, R=2.2σ0 and R=2.5σ0. At the
frequency  of ca.  0.3τ−1,  the G″ approaches  the  G′ and  even
surpasses the G′ for the system with large nanoparticles. This
can be clearly  seen from Fig.  6(b)  that  the tanδ near  the fre-
quency  of  0.3τ−1 is  higher  than  1.  The  tanδ peak  for R≥1.5σ0

appears at nearly the same frequency. The peak value first in-
creases and then decreases as the R increases (see Fig. 1b). As
the nanoparticles are large, the retarding effect of nanoparti-
cles can increase the energy dissipation of polymers and tanδ
values.  However,  the  polymer  movement  is  highly  restricted
for too large nanoparticles,  which leads to decreased energy
dissipation.

Fig.  7 shows the complex viscosity η* versus frequency for
N-P-N  systems  with  various  nanoparticle  radii R.  The  system
exhibits  a  shear  thinning  behavior,  where  the  scaling  expo-
nent  varies  from −1/2  to −3/4  as R increases.  We  also  found
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Fig.  4    Temporal  variations  of  mean-squared  distances  (MSDs)  of
the  nanoparticles  of  the  N-P-N  with  various  chain  lengths,  where
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that the η* first increases and then decreases as the R increas-
es.  The maximum η* was found around R=2.2σ0.  Such a phe-
nomenon agrees with the variation of tanδ peaks.

The  MSDs  for  various  nanoparticle  radii  were  analyzed,
which is  shown in Fig.  8.  Here,  the MSD is  rescaled by multi-
plying the mass of the nanoparticles. From the Fig. 8, one can
see that except for R=0.5σ0,  the curves almost coincide with-
in  a  short  time  (<10τ),  and  the  difference  emerges  beyond
this  time scale.  For R=0.5σ0,  the MSD scales  with the time as
MSD~t1 in short time and MSD~t2/3 in long-time scale. The re-
sults  indicate  that  the  small  nanoparticles  diffuse  freely  as
Brownian  dynamics  in  a  short  time  but  behave  as  the  Zimm

model for a long time due to the chain constraint from poly-
mers.  A  plateau  (~t0)  in  the  intermediate  time  scale  was  ob-
served  for R≥1.5σ0 and  prolonged  with  increasing R values.
The  appearance  of  the  plateau  implies  the  jamming  of
nanoparticles.  The jamming effect  becomes more evident  as
the nanoparticle radius increases. For example, the nanoparti-
cle of R=2.5σ0 is highly confined within the time scale of 103τ.
This is the reason why the tanδ and η* decrease for R=2.5σ0 as
compared with R=2.0σ0.

The  present  simulation  was  compared  with  the  recent  ex-
periment  carried  out  by  Xiong et  al.[15] They  synthesized  a
kind of polyether tethered with MNPs and studied the rheolo-
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Fig.  6    (a)  Storage  moduli G′,  loss  moduli G″,  and  (b)  loss  tangent  tanδ as  a  function  of  frequencies  for  the  N-P-N  with  various
nanoparticle sizes, where the polymer length is NG=40, the reduced temperature is 1.0, and the strain amplitude is 0.05.
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gy  of  these  polymers.  They  found  that  the  storage  and  loss
moduli  of  the  system  exhibited  a  power  law  of G′~ω1/2 and
G″~ω1/2 in  the  medium  frequency.  This  behavior  aligns  with
our  observation  for  P-N-P  with  long  chains  (Fig.  2)  or  small
nanoparticles (Fig. 6). Since the difficulty in synthesizing P-N-P
with  varied  nanoparticle  sizes,  we  also  observed  the  phe-
nomenon beyond the experiments. For example, the present
work revealed the plateau moduli (Fig. 6) and decreased com-
plex viscosity (Fig. 7) for P-N-P with sufficiently large nanopar-
ticles.  Moreover,  the work revealed the motion of  nanoparti-
cles by calculating the MSD, which is consistent with rheolog-
ical  behaviors.  This  work  can  provide  additional  information

on the end effects of P-N-P systems.

CONCLUSIONS

The rheological behavior of N-P-N polymers with nanoparticles
tethered  at  each  end  was  studied  by  conducting  nonequilibri-
um MD simulations. It was revealed that the nanoparticles at the
ends can retard the polymer motion and influence the rheologi-
cal  behavior.  The Payne effect was observed for the N-P-N sys-
tem with small NG or large R. The dependence of the moduli on
the frequency changes from G′ (and G″)~ω1/2 to G′ (and G″)~ω0

as  the  polymer  chain  shortens  or  the  nanoparticle  becomes
large. The MSD curve shows that the nanoparticles move slowly
as  the NG decreases  or R increases,  and  the  significantly  large
nanoparticles are jammed. The retarding effect of nanoparticles
generally  leads  to  increased  complex  viscosity.  However,  the
complex  viscosity  decreases  for  sufficiently  large  nanoparticles
because  the  chain  movement  is  highly  restricted  due  to  the
jammed nanoparticles. The work can provide a fundamental un-
derstanding of the end effect on the rheology of polymers.
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